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1. PROOFS OF LEMMAS

LEMMA 1. If E (Y | A = 1) ≥ EC′ (Y | A = 1) ≥ E (Y1) and E (Y | A = 0) ≤
EC′ (Y | A = 0) ≤ E (Y0) or if E (Y | A = 1) ≤ EC′ (Y | A = 1) ≤ E (Y1) and
E (Y | A = 0) ≥ EC′ (Y | A = 0) ≥ E (Y0), then the observed adjusted effect is between the
crude and true effects for any effect measure that can be written as h[g{E (Y1)} − g{E (Y0)}]
where g and h are monotonic functions.

The proof of this lemma is immediate.

LEMMA 2. If E (Y | A,C) and E (A | C) are either both nonincreasing or both nondecreas-
ing in C, then E (Y | A = 1) ≥ E (Y1) and E (Y | A = 0) ≤ E (Y0). If one of E (Y | A,C)
and E (A | C) is nonincreasing and the other nondecreasing in C, then E (Y | A = 1) ≤ E (Y1)
and E (Y | A = 0) ≥ E (Y0).

The proof of this lemma is due to VanderWeele (2008). An analogous result holds comparing the
observed adjusted and crude expectations by replacing C with C ′.

LEMMA 3. Suppose C is nondifferentially misclassified with respect to A and Y . If
E (Y | A,C) and E (A | C) are both nondecreasing or both nonincreasing in C, then
EC′ (Y | A = 1) ≥ E (Y1) and EC′ (Y | A = 0) ≤ E (Y0). If one of E (Y | A,C) and
E (A | C) is nondecreasing and the other nonincreasing in C, then EC′ (Y | A = 1) ≤ E (Y1)
and EC′ (Y | A = 0) ≥ E (Y0).

Proof. We will prove that EC′ (Y |A = 1) ≥ E (Y1) when E (Y |A,C) and E (A|C) are both
nondecreasing; the other cases follow by analogous arguments.

Assume that E (Y |A,C) and E (A|C) are nondecreasing in C. We want to show that

K∑
j=1

E (Y | A = 1, C = j)

{
K∑
i=1

pr
(
C = j | A = 1, C ′ = i

)
pr
(
C ′ = i

)}

≥
K∑
j=1

E (Y | A = 1, C = j) pr (C = j) , (1)

where it can easily be shown that the left hand side is equal to EC′ (Y | A = 1) and the
right hand side is equal to E (Y1). It suffices to show that (1) holds for the special case of
E (Y | A = 1, C = j) = 0 for j < k and E (Y | A = 1, C = j) = 1 for k ≤ j ≤ K, because
any sequence of nondecreasing conditional expectations E (Y | A = 1, C = j), j = 1, ...,K can
be written as a linear combination of K−dimensional vectors comprised of a sequence of 0’s fol-
lowed by a sequence of 1’s. We now turn our attention to this special case, for which (1) reduces
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to
K∑
j=k

{
K∑
i=1

pr
(
C = j | A = 1, C ′ = i

)
pr
(
C ′ = i

)}
≥

K∑
j=k

pr (C = j)

or, equivalently,
K∑
i=1

pr
(
C ′ = i

) K∑
j=k

pr
(
C = j | A = 1, C ′ = i

)
≥

K∑
i=1

pr
(
C ′ = i

) K∑
j=k

pr
(
C = j | C ′ = i

)
.

Because the first sum is the same on the left hand side and on the
right hand side of this inequality, it suffices to show that for each i
the second sum on the left hand side,

∑K
j=k pr (C = j | A = 1, C ′ = i) ={∑K

j=k pr(A = 1 | C = j)pr(C = j)pr(C ′ = i | C = j)
}
/
{∑

j pr(A = 1 | C = j)pr(C = j)pr(C ′ = i | C = j)
}

,

is greater than or equal to the second sum on the right hand side,
∑K

j=k pr (C = j | C ′ = i) ={∑K
j=k pr(C = j)pr(C ′ = i | C = j)

}
/
{∑

j pr(C = j)pr(C ′ = i | C = j)
}

.
This holds because, by the assumption that pr (A = 1 | C) is nondecreasing,{∑K

j=k pr(A = 1 | C = j)pr(C = j)pr(C ′ = i | C = j)
}
/
{∑

j pr(A = 1 | C = j)pr(C = j)pr(C ′ = i | C = j)
}

≥
{∑K

j=k pr(C = j)pr(C ′ = i | C = j)
}
/
{∑

j pr(C = j)pr(C ′ = i | C = j)
}

for all i. �

LEMMA 4. Suppose C is nondifferentially misclassified with respect to A and Y with ta-
pered misclassification probabilities. If E (Y | A,C) and E (A | C) are both nondecreasing
or both nonincreasing in C, then EC′ (Y | A = 1) ≤ E (Y | A = 1) and EC′ (Y | A = 0) ≥
E (Y | A = 0). If one of E (Y | A,C) and E (A | C) is nondecreasing and the other nonin-
creasing in C, then EC′ (Y | A = 1) ≥ E (Y | A = 1) and EC′ (Y | A = 0) ≤ E (Y | A = 0).

Proof. We will prove that EC′ (Y | A = 1) ≤ E (Y | A = 1) when E (Y | A,C) and
E (A | C) are both nondecreasing; the other cases follow by analogous arguments.

Assume E (Y | A,C) and E (A | C) are nondecreasing in C. We will show that
E (Y | A = 1)− EC′ (Y | A = 1) is minimized at 0. We minimize this difference with respect
to E (Y | A = 1, C = k), k = 1, ...,K; at its minimum, E (Y | A = 1)− EC′ (Y | A = 1) = 0
for all possible values of E (A | C = k), pr (C = k), and pr (C ′ = i | C = j), i, j = 1, ...,K.
The derivative of E (Y | A = 1)− EC′ (Y | A = 1) with respect to E (Y | A = 1, C = k) is

pr(C = k)pr(A = 1 | C = k)

{
1

E(A)
−
∑
i

pr (C ′ = i | C = k)

pr(A = 1 | C ′ = i)

}
.

We will prove that
∑

i {pr (C ′ = i | C = k) /pr(A = 1 | C ′ = i)} is nonincreasing in k. Then,
because 1/E(A) is constant in k, one of the following cases must hold: the derivative of
E (Y | A = 1)− EC′ (Y | A = 1) with respect to E (Y | A = 1, C = k) is positive for all k;
the derivative is negative for all k; or the derivative is negative for k below some cutoff and
positive for k above the cutoff. In all three cases, E (Y | A = 1)− EC′ (Y | A = 1) is mini-
mized by setting E (Y | A = 1, C = k) to be constant in k, which results in E (Y | A = 1) =
EC′ (Y | A = 1).

It suffices to show that pr(A = 1 | C ′ = i) is nondecreasing in i, because then, by the as-
sumption of tapering misclassification probabilities,

∑
i pr (C ′ = i | C = k) /pr(A = 1 | C ′ =

i) places less weight on smaller values of 1/pr(A = 1 | C ′ = i) and more weight on larger
values than does

∑
i pr (C ′ = i | C = m) /pr(A = 1 | C ′ = i), for m > k. We now argue that

pr(A = 1 | C ′ = i) ≤ pr(A = 1 | C ′ = l) for l > i or, equivalently, that
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∑
j pr(A = 1 | C = j)pr(C = j)pr (C ′ = i | C = j)∑

j pr(C = j)pr (C ′ = i | C = j)
≤
∑

j pr(A = 1 | C = j)pr(C = j)pr (C ′ = l | C = j)∑
j pr(C = j)pr (C ′ = l | C = j)

.

This inequality holds because the numerator of the left side of the inequality pairs small values of
pr(A = 1 | C = j) with larger values of pr (C ′ = i | C = j) than does the numerator of the right
side, and it pairs large values of pr(A = 1 | C = j) with smaller values of pr (C ′ = i | C = j)
than does the numerator of the right side. �

LEMMA 5. Suppose that A is binary and C ordinal and coarsened. If E (Y | A,C) and
E (A | C) are both nondecreasing or both nonincreasing in C, then E (Y | A = 1) ≥
EC′ (Y | A = 1) ≥ E (Y1) and E (Y | A = 0) ≤ EC′ (Y | A = 0) ≤ E (Y0). If one
of E (Y | A,C) and E (A | C) is nonincreasing and the other nondecreasing, then
E (Y | A = 1) ≤ EC′ (Y | A = 1) ≤ E (Y1) and E (Y | A = 0) ≥ EC′ (Y | A = 0) ≥
E (Y0).

Proof. That E(A | C ′) and E(Y | A,C ′) are monotonic and in the same direction as E(A |
C) and E(Y | A,C), respectively, is immediate. Therefore, by Lemma 2, we know that the de-
sired relations hold between E(Y | A = a) and EC′(Y | A = a) and between E(Y | A = a)
and E(Ya), a = 0, 1. It remains to be shown that EC′(Y | A = 1) ≥ E(Y1) and EC′(Y | A =
0) ≤ E(Y0) when E(A | C) and E(Y | A,C) are both nondecreasing or both nonincreasing and
that EC′(Y | A = 1) ≤ E(Y1) and EC′(Y | A = 0) ≥ E(Y0) when one of E(A | C) and E(Y |
A,C) is nondecreasing and the other nonincreasing. We will prove that EC′ (Y | A = 1) ≥
E (Y1) under nondecreasing monotonicity of both E (Y | A,C) and E (A | C). The other cases
follow by analogous arguments.

We will show that, at its minimum, EC′ (Y | A = 1)− E (Y1) = 0. The derivative of
EC′ (Y | A = 1)− E (Y1) with respect to E (Y | A = 1, C = k) is

pr (A = 1 | C = k) pr (C = k)
∑m

i=l pr(C = i)∑m
i=l pr (A = 1 | C = i) pr(C = i)

− pr (A = 1 | C = k) pr(C = k)
∑m

i=l pr(C = i)∑m
i=l pr (A = 1 | C = k) pr(C = i)

where l ≤ k ≤ m and levels l through m of C comprise a single level of C ′. This derivative
will be negative for k = l, positive for k = m, and nondecreasing in k for intervening values.
Therefore, in order to minimize EC′ (Y | A = 1)− E (Y1) for each stratum of C ′, we maxi-
mize E (Y | A = 1, C = k) for k at the lower end of the levels of C comprising the stratum and
minimize it for k at the higher end. However, since we are constrained by nondecreasing mono-
tonicity, this is tantamount to setting E (Y | A = 1, C = k) to be constant within each stratum
of C ′. Under this constraint, EC′ (Y | A = 1) = E (Y1). �

2. COUNTEREXAMPLES

Table 1 gives a counterexample to the partial control result when E (Y | A,C) is monotonic
but E (A | C) is not. The observed 2× 2× 3 table was generated from the true by the same
tapered misclassification probabilities as Table 1 in the main text. Monotonicity holds for
E (A | C): E (A | C = 1) = 0·55, E (A | C = 2) = 0·71, and E (A | C = 3) = 0·81. Mono-
tonicity fails to hold for E (Y | A,C): E (Y | A = 1, C = 1) = 0·83, E(Y | A = 1, C = 2) =
0·81 and E (Y | A = 1, C = 3) = 0·85, while E (Y | A = 0, C = 1) = 0·33,
E(Y | A = 0, C = 2) = 0·20 and E (Y | A = 0, C = 3) = 0·83. Instead of the partial
control ordering, we observe that the observed adjusted measure is greater than the crude which



145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192

4 E. L. OGBURN AND T. J. VANDERWEELE

is greater than the true measure on all three scales, for both the average treatment effect and the
effect of treatment on the treated.
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Table 2 demonstrates that the partial control result may not hold if the misclassification
probabilities are not tapered, even if E (Y | A,C) and E (A | C) are monotonic in C and
if the probability of misclassification is less than 0·5 for any given subject. The observed
2× 2× 3 table was generated from the true by the following misclassification proba-
bilities: pr (C ′ = 1 | C = 1) =0·97, pr (C ′ = 2 | C = 1) =0·02, pr (C ′ = 3 | C = 1) =
pr(C ′ = 1 | C = 2) =0·01, pr (C ′ = 2 | C = 2) =0·51, pr (C ′ = 3 | C = 2) =
pr(C ′ = 1 | C = 3) =0·48, pr (C ′ = 2 | C = 3) =0·01, and pr (C ′ = 3 | C = 3) =0·51.
Monotonicity holds for E (Y | A,C) because E (Y | A = 1, C = c) and E (Y | A = 0, C = c)
are both nondecreasing in c: E (Y | A = 1, C = 1) = E (Y | A = 1, C = 2) = 0·6 and
E (Y | A = 1, C = 3) = 0·67, while E (Y | A = 0, C = 1) = E (Y | A = 0, C = 2) = 0·4
and E (Y | A = 0, C = 3) = 0·67. Monotonicity also holds for E (A | C): E (A | C = 1) =
0·99, E (A | C = 2) = 0·56, and E (A | C = 3) = 0·4. Instead of the partial control ordering,
we observe that the observed adjusted measure is less than the crude which is less than the true
measure on all three scales, for both the average treatment effect and the effect of treatment on
the treated.
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