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1. PROOFS OF LEMMAS
LEMMA 1. If E(Y |A=1)>Ex(Y|A=1)>E(Y1) and FE(Y|A=0)<
Eo(Y|A=0)<EYy) or if EY|A=1)<Ex«(Y|A=1)<E(Y1) and
E(Y|A=0)>Ecx (Y| A=0)> E(Yy), then the observed adjusted effect is between the
crude and true effects for any effect measure that can be written as h[g{E (Y1)} — g{E (Yo)}]
where g and h are monotonic functions.

The proof of this lemma is immediate.

LEMMA 2. IfE(Y | A,C) and E (A | C) are either both nonincreasing or both nondecreas-
inginC,then E(Y |A=1)>EY1)and E(Y | A=0)<E(Yp). Ifone of E(Y | A,C)
and E (A | C) is nonincreasing and the other nondecreasing in C, then E (Y | A=1) < E (Y1)
and E(Y | A=0) > E(Yp).

The proof of this lemma is due to VanderWeele (2008). An analogous result holds comparing the
observed adjusted and crude expectations by replacing C' with C".

LEMMA 3. Suppose C' is nondifferentially misclassified with respect to A and Y. If
E(Y | AC) and E(A|C) are both nondecreasing or both nonincreasing in C, then
Ec(Y|A=1)>EY1) and Ec' (Y| A=0)<E((Yy). If one of E(Y|A,C) and
E (A | C) is nondecreasing and the other nonincreasing in C, then Ecv (Y | A=1) < E(Y7)
and Ec (Y | A=0) > E (Yp).

Proof. We will prove that Ec» (Y|A =1) > E (Y1) when E (Y|A,C) and E (A|C) are both
nondecreasing; the other cases follow by analogous arguments.
Assume that £ (Y'|A, C) and E (A|C) are nondecreasing in C'. We want to show that

K K
ZE(Y|A:1,C:j){Zpr(C:j]Azl,C’:i)pr(C’:i)}
j=1 i=1
K

>y E(Y[A=1,C0=j)pr(C=j), (1)
j=1

where it can easily be shown that the left hand side is equal to Eo/ (Y | A= 1) and the
right hand side is equal to E (Y7). It suffices to show that (1) holds for the special case of
E(Y|A=1,C=j)=0forj<kand E(Y |A=1,C=j)=1for k <j <K, because
any sequence of nondecreasing conditional expectations E (Y | A=1,C =j),j =1,..., K can
be written as a linear combination of K —dimensional vectors comprised of a sequence of 0’s fol-
lowed by a sequence of 1’s. We now turn our attention to this special case, for which (1) reduces
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to
K (K K
> {Zpr(0=j |A=1,C" =i)pr(C’=i)} > pr(C =)
j=k li=1 j=k

or, equivalently,

K K K K
Zpr(C”:i)Zpr(C:j |A=1,C"=14) ZZpr(C':i)Zpr(C’:j | O =1).
i=1 j=k i=1 =k

Because the first sum is the same on the left hand side and on the
right hand side of this inequality, it suffices to show that for each
the second sum on the left hand side, ZJK:k pr(C=j5]A=1,C"=1)=

{SIpr(A=1]C = j)pr(C = jpr(C" =i | C = j)} [ {¥;pr(A=1]C = j)pr(C = j)pr(C" =i | C = j)},

is greater than or equal to the second sum on the right hand side, Zf:k pr(C=j|C =1)=

{ZISepr(C = j)pr(C" =i | € = j)} /{5, pr(C = j)pr(C" =i | € = j)}.
This holds because, by the assumption that pr(A=1|C) is nondecreasing,

{SIepr(A=1]C = j)pr(C = jpr(C" =i | C = j)} [ {¥;pr(A=1]C = j)pr(C = j)pr(C" =i | C = j)}

> {Sfpr(C = jpr(C" =i | C =)} [ {S;pr(C = pe(C" =i | € = j)} foralli. O

LEMMA 4. Suppose C is nondifferentially misclassified with respect to A and Y with ta-
pered misclassification probabilities. If E (Y | A,C) and E (A | C) are both nondecreasing
or both nonincreasing in C, then Ec/ (Y |A=1)<E(Y|A=1)and Ec» (Y | A=0) >
E(Y|A=0).Ifone of E(Y | A,C) and E (A | C) is nondecreasing and the other nonin-
creasingin C, then Ecv (Y |A=1)>E(Y|A=1)and Ec» Y | A=0) < E(Y | A=0).

Proof. We will prove that Ec/ (Y |A=1)<E(Y|A=1) when E(Y | A,C) and
E (A | C) are both nondecreasing; the other cases follow by analogous arguments.

Assume E (Y | A,C) and E(A|C) are nondecreasing in C. We will show that
E(Y|A=1)— Ex (Y | A=1) is minimized at 0. We minimize this difference with respect
toE(Y|A=1,C=k),k=1,.., K;atitsminimum, E(Y | A=1)—Ex (Y |A=1)=0
for all possible values of E(A | C =k), pr(C=k),and pr(C'=i|C =j),i,j=1,....K.
The derivative of E(Y | A=1) — Ec (Y | A= 1) withrespectto E(Y | A=1,C =k) is

pr(C = k)pr(A=1|C = k) {E(lA) -y frg_:f“giff}'

We will prove that Y, {pr (C" =i | C = k) /pr(A=1]| C’' =)} is nonincreasing in k. Then,
because 1/E(A) is constant in k, one of the following cases must hold: the derivative of
E(Y|A=1)—Ex (Y| A=1) with respect to E(Y | A=1,C = k) is positive for all k;
the derivative is negative for all k; or the derivative is negative for k& below some cutoff and
positive for k above the cutoff. In all three cases, E (Y | A=1) — Ec/ (Y | A=1) is mini-
mized by setting £ (Y | A= 1,C = k) to be constant in k, which results in E(Y | A =1) =
Ec (Y| A=1).

It suffices to show that pr(A = 1| C’ = %) is nondecreasing in i, because then, by the as-
sumption of tapering misclassification probabilities, >, pr(C' =i | C =k) /pr(A=1|C' =
i) places less weight on smaller values of 1/pr(A =1 |C’ =) and more weight on larger
values than does >, pr(C' =i | C =m) /pr(A=1|C" =), for m > k. We now argue that
pr(A=1]C"=14) <pr(A=1|C"=1) forl > i or, equivalently, that
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o SyprA=1]C=j)pr(C=)pr(C"=i|C=j) _¥;pr(Ad=1]C=jpr(C=j)pr(C'=1|C =)
o 5, pr(C = j)pr(CT =] C = j) = 5, pr(C = j)pr(CT=1]C = j) |
101 This inequality holds because the numerator of the left side of the inequality pairs small values of
102 pr(A = 1| C = j) with larger values of pr (C’ = i | C' = j) than does the numerator of the right
103 side, and it pairs large values of pr(A = 1 | C' = j) with smaller values of pr (C' =i | C = j)
18‘51 than does the numerator of the right side. O
106 LEMMA 5. Suppose that A is binary and C ordinal and coarsened. If E(Y | A,C) and
107 E(A|C) are both nondecreasing or both nonincreasing in C, then E(Y |A=1)>
108 EcoY|A=1)>EX1) and E(Y|A=0)<Ex (Y |A=0)<E(Yy). If one
109 of E(Y|AC) and E(A|C) is nonincreasing and the other nondecreasing, then
110 EY|A=1)<E«(Y|A=1)<EY)) and EY|A=0)>Ex(Y|A=0)>
111 E (Yp).
Hg Proof. That E(A | C") and E(Y | A, C") are monotonic and in the same direction as F(A |
114 C) and E(Y | A, C), respectively, is immediate. Therefore, by Lemma 2, we know that the de-
115 sired relations hold between E(Y | A=a) and Ec/(Y | A = a) and between E(Y | A =a)
116 and E(Y,), a = 0, 1. It remains to be shown that Ec/(Y | A=1) > E(Y;) and Ec/(Y | A=
117 0) < E(Yp) when E(A | C)and E(Y | A, C) are both nondecreasing or both nonincreasing and
118 that Ec/(Y | A=1) < E(Y1)and Ec/(Y | A=0) > E(Yp) whenone of E(A | C) and E(Y |
119 A, C) is nondecreasing and the other nonincreasing. We will prove that Ecv (Y | A=1) >
120 E (Y1) under nondecreasing monotonicity of both £ (Y | A,C) and E (A | C'). The other cases
121 follow by analogous arguments.
122 We will show that, at it§ minimum, Eor (Y |A=1)—FE ng) = 0. The derivative of
3 Ec/ (Y| A=1)— E (Y1) withrespectto E(Y | A=1,C =k)is
124 prA=1]C=k)pr(C=kK)Yrpr(C=i) pr(A=1]C=k)pi(C=kX"p(C=i)
12s mpr(A=1]C=i)pr(C =) mpr(A=1]C=hp(C=1)
127 where | < k < m and levels [ through m of C' comprise a single level of C’. This derivative
128 will be negative for k = [, positive for k = m, and nondecreasing in k for intervening values.
129 Therefore, in order to minimize Ecv (Y | A= 1) — E (Y1) for each stratum of C’, we maxi-
130 mize E (Y | A=1,C = k) for k at the lower end of the levels of C' comprising the stratum and
131 minimize it for k at the higher end. However, since we are constrained by nondecreasing mono-
132 tonicity, this is tantamount to setting E' (Y | A = 1,C = k) to be constant within each stratum
133 of C’. Under this constraint, Ec» (Y | A=1) = E (V7). O
134
135

136 2. COUNTEREXAMPLES

137 Table 1 gives a counterexample to the partial control result when E (Y | A, C') is monotonic
138 but £ (A | C) is not. The observed 2 x 2 x 3 table was generated from the true by the same
139 tapered misclassification probabilities as Table 1 in the main text. Monotonicity holds for
140 EA|C)EA|C=1)=055E(A|C=2)=07l,and E(A|C = 3) = 0-81. Mono-
141 tonicity fails to hold for E (Y | A,C): E(Y |A=1,C=1)=083,E(Y |A=1,C=2) =
142 081 and E(Y|A=1C=3)=085  while E(|A=00C=1)=033,
143 EY|A=0,C=2)=020 and E(Y |A=0,C=3)=0-83. Instead of the partial

144 control ordering, we observe that the observed adjusted measure is greater than the crude which
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is greater than the true measure on all three scales, for both the average treatment effect and the
effect of treatment on the treated.
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6 E. L. OGBURN AND T. J. VANDERWEELE

Table 2 demonstrates that the partial control result may not hold if the misclassification
probabilities are not tapered, even if £ (Y | A,C) and E (A | C) are monotonic in C' and
if the probability of misclassification is less than 0-5 for any given subject. The observed
2 x 2 x 3 table was generated from the true by the following misclassification proba-
bilities: pr(C'=1]C=1)=097, pr(C'=2|C=1)=0-02, pr(C'=3|C=1)=
pr(C'=1|C =2) =001, pr(C'=2|C =2) =051, pr(C'=3|C=2)=
pr(C"=1|C=3)=048, pr(C'=2|C=3)=001, and pr(C’'=3]|C =3)=05l.
Monotonicity holds for £ (Y | A,C) because E (Y | A=1,C=c)and E(Y | A=0,C =¢)
are both mnondecreasing in ¢ E(Y|A=1,C=1)=E(Y|A=1,C=2)=0:6 and
E(Y|A=1,C=3)=067, while E(Y|A=0,C=1)=E(Y|A=0,C=2)=04
and E(Y | A=0,C = 3) = 0-67. Monotonicity also holds for E(A|C): E(A|C=1)=
099, E(A| C =2)=0-56,and E (A | C = 3) = 0-4. Instead of the partial control ordering,
we observe that the observed adjusted measure is less than the crude which is less than the true
measure on all three scales, for both the average treatment effect and the effect of treatment on
the treated.
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