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SUMMARY

Yule (1926) identified the issue of /nonsense correlations’ in time series data, where dependence
within each of two random vectors causes overdispersion, i.c., variance inflation, for measures of
dependence between the two. Since then much has been written about nonsense correlations, but
nearly all of it confined to the time series literature. In this paper we provide the first, to our knowl-
edge, rigorous study of this phenomenon for other forms of (positive) dependence, specifically for
Markov random fields on lattices and graphs. We consider binary and continuous random vectors
and three different measures of association: correlation, covariance and the ordinary least-squares
coefficient from projecting one random vector onto the other. In some settings we find variance infla-
tion consistent with Yule’s nonsense correlation. Surprisingly, we also find variance deflation in some
settings, and in others the variance is unchanged under dependence. Perhaps most notably, we find
general conditions under which ordinary least-squares inference that ignores dependence is valid
despite positive dependence in the regression errors, contradicting the presentation of ordinary least
squares in countless textbooks and courses.

Some key words: Association; Dependence; Markov random field; Time series; Yule’s nonsense correlation.

1. INTRODUCTION

It is well known that two independent, nonstationary time series often appear to be correlated with
one another and that tests of independence have inflated Type-I error (Ernst et al., 2017); this phe-
nomenon is known variously as nonsense, spurious or volatile correlations, and has been the subject
of extensive research. Less well known is that related phenomena can occur in many other dependent
data settings, e.g., dependence due to the spatial, batch, population, genetic or network structure, and
that similar phenomena can occur for different measures of association. We use the term association
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to encompass correlation coefficients, estimated covariances and regression coefficients as measures
of linear nonindependence.

The problem of nonsense correlations in time series was first articulated by Yule (1926). Ernst
et al. (2017) derived the exact asymptotic distribution of the estimated correlation of two indepen-
dent Weiner processes, showing overdispersion that does not vanish asymptotically and ‘solving’ the
problem first put forth by Yule (1926). However, outside of the time series econometrics literature,
this idea seems to be largely unknown. We have found a smattering of references in the broader
literature: Kass et al. (2014, § 12.2.3) illustrated nonsense associations due to temporal auto-
correlation in linear regression; Harris (2020) discussed the importance of dealing with nonsense
correlations in the study of neurophysiological processes; Royama (2005) noted that natural popu-
lation processes (e.g., population growth) are susceptible to nonsense correlations. Moving beyond
time series data, ‘STUDENT’ (1914) first noted that spatial processes are also susceptible to more
highly variable estimates of correlation. Clifford et al. (1989) and Dutilleul et al. (1993) derived the
effective sample size for tests of correlation between two spatial processes under strong parametric
assumptions. Section 12.4 of Efron & Hastie (2016) includes a brief discussion of ephemeral pre-
dictions, which is a manifestation of nonsense associations in the prediction setting. Recently, Lee
& Ogburn (2021) made a case for the importance of nonsense associations in social network data.
Bhattacharya et al. (2022) showed that standard tests of association can have inflated Type-I error in
genome-wide association studies, where the independent (e.g., phenotype) and dependent (e.g., SNP)
variables both exhibit dependence due to the family or population structure.

In addition to statistical papers, a handful of papers from the social sciences have pointed out phe-
nomena that appear to be instances of nonsense associations, though none of these papers make the
connection explicitly: ‘Galton’s problem’, a well-known concept in cross-cultural studies and anthro-
pology, refers to the fact that within-culture dependence makes it difficult to perform inference using
cross-cultural data (Dow et al., 1984). DellaPosta et al. (2015) described how incidental clustering of
beliefs or behaviours in social networks can look like systematic associations. Conley & Kelly (2019)
showed that many findings in the economics literature on ‘persistence’ or ‘deep origins’, purporting
to find connections between characteristics of a place in modern day and characteristics of the same
place in the distant past, can be explained by spatial autocorrelation rather than any meaningful
association between past and present characteristics.

In this paper, we derive the first, to our knowledge, characterization of nonsense associations for
a class of network-dependent data. We consider the asymptotic distributions of estimates and tests
of association between two random vectors, X and Y, where the coordinates of X and of Y exhibit
dependence, but X is independent of Y. We focus on dependence that is governed by a graph or
network structure and generated from a Markov random field (MRF) model with pairwise positive
dependence. MRFs have been used crucially for modelling spatially correlated datasets, which appear
naturally in population genetics (Wei & Li, 2007; Banf & Rhee, 2017), image segmentation (Celeux
et al., 2003; Chatzis & Varvarigou, 2008), climate data modelling (Guillot et al., 2015; Prates et al.,
2022) and social networks (Kindermann & Snell, 1980; Domingos & Richardson, 2001; DeMarzo
et al., 2003; Ahmed & Xing, 2009; West et al., 2014; Daskalakis et al., 2019, 2020; Ogburn et al.,
2020; Kandiros et al., 2021). The literature on testing for the independence of two MRFs typically
assumes multiple independent observations from the MRF distribution, with the number of obser-
vations going to infinity (Schaeben, 2014; Neykov & Liu, 2019); in this paper we are concerned with
the dependent data setting where there is only one draw from each of two MRF distributions with
the dimension going to infinity. This corresponds to assessing the association between two random
variables, X and Y, each exhibiting dependence across units. For example, Lee & Ogburn (2021)
described challenges in assessing the effect of X on Y when X and Y are both measured on nodes in
a social network and exhibit network dependence.

We demonstrate that, under some MRF models, the asymptotic variance of estimates of corre-
lation or covariance is inflated relative to the independent and identically distributed setting; this
is analogous to Yule’s nonsense correlations and would result in inflated Type-I error were inde-
pendent and identically distributed tests to be used without correction. However, in other settings
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dependence results in deflated asymptotic variance; this is in stark contrast to Yule’s finding and con-
tradicts the heuristic that positive dependence results in smaller effective sample sizes and therefore
higher variances. In a particularly surprising result, we challenge the common wisdom that positive
dependence in the errors of a simple linear regression model should result in standard independent
and identically distributed inference for the regression coefficient being anticonservative. In fact, we
show that in order for independent and identically distributed inferential procedures to be invalid,
the variance-covariance matrices of the dependent and the independent variables must share some
structure. Otherwise, e.g., when the independent variable is itself independent and identically dis-
tributed, independent and identically distributed inferential procedures achieve nominal Type-I error
rates. This contradicts the claim, presented in countless regression classes and textbooks, that corre-
lated regression errors should be handled with modified methods in order for inference to be valid
(GroB, 2003; Vittinghoff et al., 2006; Chatterjee & Simonoff, 2013). The results we derive here repre-
sent an initial foray into the extension of nonsense correlations to MRFs. Some of them may not
correspond to realistic dependent data settings, but collectively they help map the landscape of
nonsense associations.

2. SETTING
Consider two independent random vectors observed on n nodes in a network, X = (X1, ..., X))
and Y = (Y}, ..., Y,), where the nodes exhibit positive pairwise dependence whenever they are con-

nected by a network tie and their joint distribution is an MRF. That is, for Z C R, we assume that
X,Y € Z" are independently distributed with density of the form

Po,(z) x exp (2'Q,2), ze€ Z", (1)

where Q,, is some n-by-n matrix related to the adjacency matrix of the underlying network, which
can be different for X, Y. We drop the subscript » when context allows it. The family (1) includes two
classical examples that we study in this paper: Gaussian graphical models corresponding to Z = R
and Ising models corresponding to Z = +1.

Throughout, we consider a single pair (X, Y) with #n going to infinity and inference on the distri-
bution of the n pairs of observations (X;, Y;) with dependence across units. This distinguishes our
framework from the more typical framework in which a draw from an MRF represents one single,
high-dimensional observation and inference would typically require multiple such observations. We
consider three quantities of interest. The sample covariance is defined by

n

1 _ _
T,=-) (X;i=X)(¥; = Y,),

i=1

where X,, = (1/n) >, Xiand Y, = (1/n) >, Y; are the sample means. The sample correlation is

— ZT:] ()(t - Xn)(Yl - Yn)
0 (X = X)W (Y = Y22

Pn

We also consider the estimated coefficient 4 in an ordinary least-squares (OLS) regression of
(continuous) Y on X.

In all of the settings we consider below, it is easy to show that the asymptotic null distribution
of both /nT, and /np, under an independent and identically distributed data-generating process is
N(0, 1). Similarly, when both X and Y are independent and identically distributed, 2 has a known
normal asymptotic distribution. Unlike the time series setting, where the null distribution of p, under
dependence generated by Weiner processes is not generally Gaussian (Ernst et al., 2017), we find that
in many settings with MRF-generated dependence, Gaussianity is preserved for various measures
of association. Even in these settings, we find that the asymptotic variance of p, may be inflated or
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deflated relative to the nominal value of 1. When variance is inflated, the Type-I error of any proce-
dure that ignores dependence will be inflated, which is another hallmark of nonsense associations.
Proofs and simulations are given in the Supplementary Material.

3. RESULTS FOR BINARY DATA
3.1. Background

LetZ = (zy,...,z,)T € {&1}" be a random vector with the joint distribution of Z given by an Ising
model defined as

Ppo,(Z=12) = % exp <§ZTan) for all z € {£1}",

where Q, is an n x n symmetric and hollow matrix, # > 0 is a nonnegative real number governing
dependence and Z(f, Q,) is a normalizing constant. The pair (£, Q,) characterizes the dependence
among the coordinates of X, and the X; are independent if and only if fQ, = 0,.,. Matrix Q, will
be associated with a certain labelled graph: let G, = (V,, E,) with vertex set V,, = {1,...,n} and
undirected edge set E, C V,, x V,; then the corresponding Q,, = nG,/2|E,|, where G, is the adjacency
matrix of G,,.

First, we present results for sparse graphs, specifically for lattices, where we see that (in low-
dependence regimes) both the sample correlation and sample covariance exhibit variance inflation.
This result generalizes nonsense associations from time series, where dependence is informed by the
distance in R!, to higher-dimensional dependence such as would be found in spatial or network data,
and we believe to be the first such generalization beyond one-dimensional dependence. We suspect
that these results will hold for other connected, bounded-neighbourhood graphs, but we leave the
proof to future work.

We next present results for dense (i.e., E, = ©(#?)) regular graphs. In a surprising contrast to
other settings, dependence in these dense graphs sometimes results in variance deflation for the sample
covariance, while the sample correlation has the same asymptotic distribution as under independence.

3.2. Lattice models

Let the data points i be vertices of the d-dimensional hypercubic integer lattice A,, of side
length |n'/| each, and let the underlying graph G, be the nearest-neighbour (in the sense of
Euclidean distance) graph on these vertices. This nearest-neighbour graph corresponds to the matrix
Q; = Qi(Ana) = 1(li = jlli = D).

The lattice Ising model undergoes a phase transition at a value of the dependence parameter
determined by the dimension d of the lattice: there exists f. = f.(d) that governs the macroscopic
behaviour of the system of observations X;, i € A, 4, as n — oo. In particular, the sample average
X, = n~' 3" X; converges to 0 in probability for # < f.(d) and to an equal mixture of two delta-dirac
random variables m . (f) and m_(f) = —m(B) for f > B.(d) (Lebowitz, 1977). The Ising model in
one dimension has no phase transitions because f.(1) = +oo (Ising, 1925); 5.(2) = 2log(l + /2)
Onsager (1944), but obtaining an analytical formula for f.(d) for d > 3 remains an open problem
(Duminil-Copin, 2017; Friedli & Velenik, 2017).

THEOREM 1. Suppose that X ~ Py, o, ) and Y ~ Pg, o, ) Jor some Bi, o < Be(d) with X inde-
pendent of Y. Then, there exists v = v(Bi, B2) € RT such that \/nT,, — N(0,v*) and the asymptotic
variance satisfies v?, > 1. The sample correlation has the same asymptotic distribution as the sample
covariance: \/np, — N(0,v?). Moreover, v(Bi, B,) is a nondecreasing function in either coordinate.

Obtaining the precise limiting constant v> in Theorem 1 is an important question and we leave it
for future research. Since > > 1, our result demonstrates that both the covariance and correlation
exhibit variance inflation. In the Supplementary Material we present simulations suggesting that 12
is strictly increasing in Sy, 5, for 0 < Sy, f» < f.. This result indicates that a researcher ignoring the
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dependence in X and Y would perform anticonservative inference with the Type-I error increasing as
a function of dependence; this is a direct analogue to nonsense correlations in time series.

3.3. Dense graphs

We analyse the behaviour of 7, and p, for dense regular graphs. The special case of complete
graphs is given in the Supplementary Material. Ising models on sparse graphs are thought to be
more realistic in many settings than those on dense graphs, but nevertheless we find it important and
interesting to explore the behaviour of tests of association in dense graphs as well as sparse. We make
the following assumptions on the dependency matrix Q, = (Qn)},;-

Assumption 1. Suppose that Q,, is a regular matrix, i.e., foralli = 1,2, ..., n, we have 27:1 Q=1
Assumption 2. There exists a constant x > 0 such that max, ¢; <, Ony < x/n.

Assumption 3. There exists a constant y € R such that |Q, Iz = 3=/, Ouyj — 7.

We assume that the sequence of matrices {Q,} converges in the cut metric. To this end, we have
to introduce the basics of graphons and cut-distance convergence; see Borgs et al. (2008, 2012) and
Lovasz (2012) for further details. A graphon is a symmetric bounded measurable function from [0, 1]
to [0, 1]. Let W be the set of all graphons. One can equip the space of graphons JV by the cut distance,
given by

do(W,, Wy) = sup

$,7¢[0,1]

f (W (e,9) — Wa(x, )} dxdyl,
SxT

where the supremum is taken over all measurable subsets S, 7" of [0, 1]. Define the weak cut dis-
tance by og(W,, W,) = inf, (W7, W,) = inf, (W, W5 ), where o ranges from all measure-preserving
bijections [0, 1] — [0, 1] and W’ (x,y) = W{o(x),o(y)}. Given an n x n matrix 4,, we can define
the corresponding graphon W4 as a piecewise constant function, given by W4 (x,y) = Ay ). iny-
We say that a set of matrices 4,, n € N, converges in the cut distance to a graphon W e W if
So(W4 W) — 0. Finally, given W € W, define its Hilbert-Schmidt operator Ty from [0, 1] to
[0, 1] by

Tw () = /m W0y, xelo,1]

Since operator Ty is a compact operator, it is has countably many eigenvalues, which we denote
by 11, 42, ..., sorted in decreasing order in absolute values |1;| > |12] > ---.
Now, we are in a position to state our final assumption on the sequence of matrices {Q,}.

Assumption 4. The sequence of matrices {rnQ,} converges in the cut distance to a graphon W (i.e.,
So(W" W) — 0). Moreover, if Ty has eigenvalues 41, 1,, ... then ; > SUp;s; A

We provide examples and discuss the implications of our assumptions in the Supplementary
Material. Now, we are ready to state our universality result.

THEOREM 2. Let {Q,} be a sequence ofmatricesdmtisfying Assumptions 1-4. Suppose that X ~ Py, q,
and Y ~ Py, o, independent of X. Then /nT, — N{0, (1 — m})(1 — m3)}, where m; = 0 if p; < 1;
otherwise, m; is the unique positive root of the c;guation m = tanh(B;m), i = 1,2. Moreover, the sample
correlation has asymptotic distribution \/np, — N(0, 1).

This theorem shows, first, that the distribution of the (scaled) sample covariance is asymptotically
normal irrespective of the choice of S, f,. Second, it characterizes asymptotic variance as a function
of S and shows a phase transition at f; = 1,7 = 1,2. In fact, there is a variance deflation unless
max{f, £} < L. In the Supplementary Material we illustrate the asymptotic variance of /nT, for
the case of B = f,.
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Here, unlike the lattice setting, the asymptotic variances of the sample covariance and correlation
differ in nature. A practitioner unaware of dependence in their data could still perform valid inference
about the association between X and Y using the sample correlation, but not necessarily using the
sample covariance. It is very natural to expect such a result to continue to hold for other mean-field
graphs like dense Erdos—Rényi graphs. The current proof crucially relies on the fact that Q,, is exactly
regular and we leave any such extension for future research. Finally, we expect similar results to hold
for the Potts model and for higher-order interaction models (Mukherjee et al., 2022; Liu et al., 2024),
but we leave that for future research.

4. RESULTS FOR CONTINUOUS DATA
4.1. Background

We now turn our attention to Gaussian models X, Y ~ N(0, X), corresponding to X = R and
Q, = —X7'2 in model (1). In addition to studying the asymptotic behaviour of T, and p, under
this model, we also study the behaviour of the coefficient /8 for X in a simple linear regression of ¥
on X, allowing X and Y to have different covariance matrices: Y ~ N(0,Xy) and X ~ N(0, Zy).
We find that, surprisingly and contrary to dozens of presentations on OLS, inference about f need
not be anticonservative when the regression errors exhibit positive dependence. If Xy is diagonal,
or if a particular condition holds on the product of the eigenvalues of £y and Xy, then inference
under OLS is exact, i.e., it achieves the nominal Type-I error rate. We find conditions under which
T, and p, are asymptotically normal, and, in line with the phenomenon of nonsense correlations, we
find that p, exhibits variance inflation. However, surprisingly, under these same conditions, 7, may
exhibit either variance inflation or deflation.

4.2. Correlation and covariance

Let X, Y ~ N(0,X), and define J = I, — 117/n, where 1 is the n length vector of all Is.
The asymptotic distribution of T, and p, will depend on the eigenvalues of X = T'2JX!2 Let
J1 = s+ =, > 0 be the eigenvalues of ¥ in nonincreasing order. The asymptotic distributions
of T, and p, depend on whether the eigenvalues are all of similar order. We formalize this notion in
the following theorem.

THEOREM 3. Suppose that X, Y ~ N (0, X) are independent. Define

_ D Ai
(Y A2

n

() If 73 < Y, A2 then

nT,

, o d 4
AR N(©,1) and /np,a, = N(0,1);

hence, iminf,_, o Var(ynp,l) > 1.

(i1) On the other hand, if 11 > ni, then

7, 1
"B and S 610,
A 2
where A ~ N(0,1) and B~ /y} with A, B independent, and p, converges weakly to a
Rademacher distribution.

Since a, < 1, Theorem 3 implies variance inflation for the sample correlation. In fgct, for any
c? > 1, one can construct a sequence of covariance matrices {X,} such that /np, — N(0,c?).

920z Asenuer oz uo Jasn abpuqued Jo AlsiaAiun Aq 02295 18/1L01ese/y/Z| | /ojonieiawolg/woo dnooiwspese//:sdiy wol) papeojumoq



Miscellanea 7

To see this, set ly = [n/o?] and set 2y =---=/J;=1and 1;=0if i > [. Then a, — 1/o.
Hence, if 1//n, vy, ..., v,— forms an orthonormal basis, choosing £, = 11" /n+ )", ;li_lv,vv,.T would
yield /np, — N(0,?). In contrast, the sample covariance can exhibit either inflation or deflation.
Corollary 1 below provides an example of variance deflation; to illustrate variance inflation, choose
Ji = J/nlogn and 22 <« Y°, 72 This will yield lim,_, var(,/nT,) — oco. Future work should
explore settings in which 7, and p, show divergent asymptotic behaviour.

Theorem 3(ii) shows more pathological behaviour when one eigenvalue is of larger order than the
others. In this case the limiting distribution of 7, is not normal and the variance will typically be
larger than 1, and the sample correlation converges to a bimodal Rademacher distribution centred
at, but concentrated away from, the true value of 0. These phenomena are analogous to nonsense
associations in other settings, where measures of association have been shown to follow asymptotic
distributions that are overdispersed relative to the normal distribution (Ernst et al., 2017) or to be
concentrated away from the truth (Lee & Ogburn, 2021). For the special case of equicorrelation, we
have the following corollary:

COROLLARY 1. Suppose that X, Y ~ N(0, X) are independent, where T is an equicorrelation matrix,
ie, =1 —=p)+p11T, 0 <p < 1. Then

(1) the sample covariance satisfies /nT, E) N{0,(1 — p)?},
(i) o S N, 1).

The above result exhibits an interesting phenomenon: the asymptotic variance of ./nT, is
decreasing in p, but the asymptotic variance of /np, is independent of the choice of p.

4.3. Ordinary least squares

Let X and Y be multivariate normal with simultaneously diagonalizable variance matrices Xy =
VAyVTand £y = VAyVT. Then, letting € be the error after subtracting the least-squares projection
of Y onto X, ¢ 1L X is also multivariate normal and with simultaneously diagonalizable variance
matrix £, = VA, VT and Y = XB + e. In order to derive interpretable results, we assume that
Ax;=f(i/n) and A.; = g(i/n) for integrable functions f, g: [0,1] — R,.

We assess when inference based on standard independent and identically distributed inference is
nevertheless valid, via an asymptotic comparison of the naive to the true variance of [;’ozs, where
the estimated (naive) standard error is given by the standard independent and identically distributed
formula

e’ - Px)e  e"(IX|]? — XX")e
n|X|* n|X|*

Valnajve =

THEOREM 4. Assume that X and Y are simultaneously diagonalizable with eigenvalues as described
above. Then naive independent and identically distributed inference for f is valid, achieving asymptotic
Type-I error less than or equal to a nominal level, if and only if the following condition holds.:

J(@)g)dx < [ f(x)dx [ g(x)dx. 2
/ Jreos]

Notably, this condition is met whenever X is independent and identically distributed, even if Y and ¢
are not. In this case the ratio of the true to the naive variance is asymptotically equal to 1 and inference
using the naive variance estimator exactly asymptotically achieves the nominal Type-I error rate.
This is related to the literature on the validity of OLS for causal effect estimation with randomized
treatment assignment; see Zhang et al. (2024) and the references therein. Ours is the first result, to
our knowledge, to prove conditions under which OLS inference is valid when X, Y and € may all
three exhibit correlation. If / and g are both increasing or decreasing, (2) is violated (by the Fortuin—
Kasteleyn—Ginibre inequality), yielding anticonservative inference. However, if one is increasing and
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the other is decreasing then the condition is met and naive independent and identically distributed
inference is valid. Even when (2) holds and naive inference is valid or exact, it is not typically efficient
(unless X, is the identity matrix). The efficient estimator in these cases is generalized least squares
(GLYS). Under some conditions, the estimated regression coefficient from GLS will coincide with that
from OLS (Puntanen & Styan, 1989); in future work it will be interesting to explore the relationship
between the conditions under which OLS inference is valid and the conditions under which OLS
estimates are efficient.
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SUPPLEMENTARY MATERIAL

The Supplementary Material contains proofs of the theorems.

REFERENCES

AHMED, A. & XiING, E. P. (2009). Recovering time-varying networks of dependencies in social and biological
studies. Proc. Nat. Acad. Sci. 106, 11878-83.

BANF, M. & RHEE, S. Y. (2017). Enhancing gene regulatory network inference through data integration with
Markov random fields. Sci. Rep. 7, 41174.

BHATTACHARYA, S., DEY, R. & MUKHERJEE, R. (2022). PC adjusted testing for low dimensional parameters.
arXiv: 2209.10774v1.

Boras, C., CHAYES, J. T., LovAsz, L., S6s, V. T. & VeszTeErGoMmBI, K. (2008). Convergent sequences of dense
graphs I: subgraph frequencies, metric properties and testing. Adv. Math. 219, 1801-51.

Boras, C., CHAYES, J. T., LovAsz, L., S6s, V. T. & VeEszTeErGoMBI, K. (2012). Convergent sequences of dense
graphs II. Multiway cuts and statistical physics. Ann. Math. 176, 151-219.

CELEUX, G., ForBES, F. & PEYRARD, N. (2003). EM procedures using mean field-like approximations for Markov
model-based image segmentation. Pat. Recog. 36, 131-44.

CHATTERIJEE, S. & SIMONOFF, J. S., Ed. (2013). Handbook of Regression Analysis. New York: John Wiley and
Sons.

CHATzIS, S. P. & VAarvARIGOU, T. A. (2008). A fuzzy clustering approach toward hidden Markov random field
models for enhanced spatially constrained image segmentation. IEEE Trans. Fuzzy Syst. 16, 1351-61.

CLIFFORD, P., RICHARDSON, S. & HEMON, D. (1989). Assessing the significance of the correlation between two
spatial processes. Biometrics 45, 123-34.

ConLEY, G. T. & KeLLY, M. (2019). The standard errors of persistence. J. Int. Econ. 153, 104027.

DaskaLAKIS, C., DIKKALA, N. & PANAGEAS, 1. (2019). Regression from dependent observations. In Proc. 51st
Ann. ACM SIGACT Symp. Theory Comp., pp. 881-9. New York: Association for Computing Machinery.

DASKALAKIS, C., DIKKALA, N. & PANAGEAS, 1. (2020). Logistic regression with peer-group effects via inference in
higher-order Ising models. In Proc. 23rd Int. Conf. Artif. Intel. Statist., vol. 108, pp. 3653-63. PMLR.

DELLAPOSTA, D., SHI, Y. & Macy, M. (2015). Why do liberals drink lattes? Am. J Sociol. 120, 1473-511.

DEMARzo, P. M., Vavanos, D. & ZwigBEL, J. (2003). Persuasion bias, social influence, and unidimensional
opinions. Q. J. Econ. 118, 909-68.

DoMINGos, P. & RICHARDSON, M. (2001). Mining the network value of customers. In Proc. 7th ACM SIGKDD
Int. Conf. Know. Disc. Data Mining, pp. 57-66. New York: Association for Computing Machinery.

Dow, M. M., Burton, M. L., WHITE, D. R. & Re11Z, K. P. (1984). Galton’s problem as network autocorrelation.
Am. Ethnol. 11, 754-70.

DumMiniL-CoPiN, H. (2017). Lectures on the Ising and Potts models on the hypercubic lattice. In Random Graphs,
Phase Transitions, and the Gaussian Free Field, Ed. M. Barlow and G. Slade, pp. 35-161. Cham: Springer.

DurtiLLEUL, P, CLIFFORD, P., RicHARDSON, S. & HEmon, D. (1993). Modifying the t test for assessing the
correlation between two spatial processes. Biometrics 49, 305-14.

EFroN, B. & HasTig, T. (2016). Computer Age Statistical Inference. Cambridge: Cambridge University Press.

ERNsT, P. A., SHEPP, L. A. & WYNER, A. J. (2017). Yule’s nonsense correlation' solved! Ann. Statist. 45, 1789-809.

FrieDLL, S. & VELENIK, Y. (2017). Statistical Mechanics of Lattice Systems: A Concrete Mathematical Introduc-
tion. Cambridge: Cambridge University Press.

920z Asenuer oz uo Jasn abpuqued Jo AlsiaAiun Aq 02295 18/1L01ese/y/Z| | /ojonieiawolg/woo dnooiwspese//:sdiy wol) papeojumoq


https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf041#supplementary-data

Miscellanea 9

GroB, J. (2003). Linear Regression (Lecture Notes Statist. 175). Berlin: Springer.

GuiLLot, D., RAJARATNAM, B. & EMILE-GEAY, J. (2015). Statistical paleoclimate reconstructions via Markov
random fields. Ann. Appl. Statist. 9, 324-52.

Harris, K. D. (2020). Nonsense correlations in neuroscience. bio Rxiv: 2020.11.29.402719.

Ising, E. (1925). Beitrag zur theorie des ferromagnetismus. Z. Phys. A: Hadrons Nucl. 31, 253-8.

KANDIROS, V., DAGAN, Y., DIKKALA, N., GOEL, S. & DaskALAKIS, C. (2021). Statistical estimation from dependent
data. In Proc. 38th Int. Conf. Mach. Learn., vol. 139, pp. 5269-78. PMLR.

Kass, R. E., EpeN, U. T. & BRown, E. N. (2014). Analysis of Neural Data. New York: Springer.

KINDERMANN, R. P. & SNELL, J. L. (1980). On the relation between Markov random fields and social networks.
J. Math. Sociol. 7, 1-13.

LeBowitz, J. L. (1977). Coexistence of phases in Ising ferromagnets. J. Statist. Phys. 16, 463-76.

LEE, Y. & OGBURN, E. L. (2021). Network dependence can lead to spurious associations and invalid inference.
J. Am. Statist. Assoc. 116, 1060-74.

Liu, T., MUKHERJEE, S. & Biswas, R. (2024). Tensor recovery in high-dimensional Ising models. J Mult. Anal.
203, 105335.

Lovasz, L. (2012). Large Networks and Graph Limits (Colloquium Publ. 60). Providence, RI: American
Mathematical Society.

MUKHERJEE, S., SON, J. & BHATTACHARYA, B. B. (2022). Estimation in tensor Ising models. Inf. Inference 11,
1457-500.

NEevkov, M. & Liu, H. (2019). Property testing in high-dimensional Ising models. Ann. Statist. 47, 2472-503.

OGBURN, E. L., SHPITSER, I. & LEE, Y. (2020). Causal inference, social networks and chain graphs. J. R. Statist.
Soc. A 183, 1659-76.

ONSAGER, L. (1944). Crystal statistics. I. A two-dimensional model with an order-disorder transition. Phys. Rev.
65, 117.

PRATES, M. O., AzEVEDO, D. R. M., MacNaB, Y. C. & WiLLIG, M. R. (2022). Non-separable spatio-temporal
models via transformed multivariate Gaussian Markov random fields. Appl. Statist. 71, 1116-36.

PUNTANEN, S. & STyaN, G. P. (1989). The equality of the ordinary least squares estimator and the best linear
unbiased estimator. Am. Statistician 43, 153-61.

RoyamMma, T. (2005). Moran effect on nonlinear population processes. Ecol. Monogr. 75, 277-93.

ScHAEBEN, H. (2014). A mathematical view of weights-of-evidence, conditional independence, and logistic
regression in terms of Markov random fields. Math. Geosci. 46, 691-709.

‘STUDENT’ (1914). IV. The elimination of spurious correlation due to position in time or space. Biometrika 10,
179-80.

VITTINGHOFF, E., GLIDDEN, D. V., SH1Bosk1, S. C. & McCurLocH, C. E. (2006). Regression Methods in Biostatis-
tics: Linear, Logistic, Survival, and Repeated Measures Models. New York: Springer.

WEr, Z. & L1, H. (2007). A Markov random field model for network-based analysis of genomic data. Bioinfor-
matics 23, 1537-44.

WEsT, R., Paskov, H. S., LEskovEc, J. & Potts, C. (2014). Exploiting social network structure for person-to-
person sentiment analysis. arXiv. 1409.2450v1.

YuLg, G. U. (1926). Why do we sometimes get nonsense-correlations between time-series?—A study in sampling
and the nature of time-series. J. R. Statist. Soc. 89, 1-63.

ZHANG, Z., DING, P, Zrou, W. & WANG, H. (2024). With random regressors, least squares inference is robust to
correlated errors with unknown correlation structure. Biometrika 112, asae054.

[Received on T March 2024. Accepted on 27 May 2025]

920z Asenuer oz uo Jasn abpuqued Jo AlsiaAiun Aq 02295 18/1L01ese/y/Z| | /ojonieiawolg/woo dnooiwspese//:sdiy wol) papeojumoq



